Wolfgang Vogel’s contributions to intersection theory^�

Hubert Flenner^y

The theory of multiplicities and intersections played a central role in Wolfgang Vogel’s work. His interest in these questions was present in his very early work as well as in his last papers. His best known and most significant contribution is a refined version of Bezout’s theorem for improper intersections, in joint work with J. Stückrad. This was proved using a very simple and ingenious argument which nowadays is commonly called the Stückrad-Vogel algorithm. Before explaining this algorithm and some of its applications let me look at the early work of Wolfgang.

When he started in Halle as a student, Ott-Heinrich Keller (1906-1990) had the chair of algebra and geometry there. Keller wrote his dissertation under M. Dehn (Göttingen) on topology. Later on he turned to geometry and worked, for example, on plane algebraic curves. He became especially interested in topological questions concerning algebraic varieties and was well aware of the developments of intersection theory, especially the work of van der Waerden, Weil and Gröbner. Moreover he knew the work of Lefschetz in topology. From the time when van der Waerden proved his principle of conservation of intersection numbers using the topological methods of Lefschetz, it was commonly felt that topological methods were an important tool for the study of algebraic varieties. Keller considered it as one of his aims to connect these two theories, partly in his own work and, as well, through discussions with and suggestions to his students; see the obituary

�This paper was prepared during a stay at the University of Bologna which was supported by the CNR

yI want to thank R. Achilles for many useful discussions and for providing me with much material about the work of W. Vogel. I have also to thank U. Storch for useful remarks and L. O’Carroll for stilistic improvements.

written by his former students Wolfgang Vogel and L. Stammler [93-5]. It was mainly through him that Wolfgang was introduced into the field of algebra and geometry. When Wolfgang was a student at Halle, there was a whole group of students and assistants of Keller working in algebra, topology and geometry. Among them were M. Herrmann, O. Krötenheerdt, B. Renschuch, L. Stammler and K. Drechsler. From this group the most important for Wolfgang, as a student and for his early work, were Bodo Renschuch and later on also Manfred Herrmann. With these two he published some of his first papers. In particular, Renschuch was interested, in a purely algebraic setting, in the theory of intersection numbers, Hilbert-Samuel multiplicities and also in computational aspects of ideal theory. In the fall of 1966 Wolfgang spent a longish period in Innsbruck, participating in the Seminar of W. Gröbner who came to exert a strong influence on his mathematical thought.

One of the predominant themes in the mathematical work of Gröbner was a general version of Bezout’s theorem. Van der Waerden succeeded in 1928 in giving a proof for arbitrary algebraic varieties meeting properly in projective space, see [14]. He defined intersection multiplicities by moving the varieties into general position and then counting points. This required his so-called specialization principle by which he could prove that his intersection numbers were well defined. With this he was able to make precise the ideas of the Italian school of algebraic geometry (see also the interesting article of Severi [13]). An important observation of van der Waerden was that the Bezout theorem does not hold if one replaces the intersection multiplicity mentioned above by the length multiplicity; an example can be found in the above paper. Of course, nowadays we know by the work of Serre [12] that the length is the right measure for the intersection only if the varieties are Cohen-Macaulay.

The objection of Gröbner to the work of van der Waerden was that the definition of intersection multiplicities was too complicated and that a static definition of intersection numbers is required, instead of the ”dynamic” approach of van der Waerden using a deformation argument (see [8, 9]). This criticism was justified since van der Waerden could not give a purely algebraic definition of intersection multiplicities along a component of the intersection. Gröbner gave a version of Bezout’s theorem for the intersection of a Cohen- Macaulay variety with a complete intersection and observed that in this case one can take in fact the length multiplicity as a measure for the intersection. More precisely, let X, Y ⊆ P^n be algebraic subschemes meeting properly, i.e.

dim X ∩ Y = n − dim X − dim Y . Assume moreover that O_{X,C} is a Cohen- Macaulay ring for all irreducible components C of the intersection and that Y is a complete intersection. Then he showed that the theorem of Bezout holds in its naive form, namely

deg X deg Y = deg X ∩ Y.

Moreover he asked for the underlying reasons why in some cases the length did not give the right intersection number.

Of course, nowadays we have satisfactory answers to these questions, thanks to the work of Weil, Samuel and Serre, see [15, 11, 12]. But I have to mention this since Wolfgang was well aware of these historic developments and since it always played a role in his way of thinking, see [74-1, 82-5]. The problem when the length could be taken as the intersection multiplicity especially occurs in many of his early papers, see [66-2, 67-2, 69-3, 72-3]. In particular, he tried to get an estimate or a description for the difference of measures of multiplicity lg A/q − e(q, A) in terms of other ring invariants. Eventually this led to the development of the theory of Buchsbaum rings, see the article by J. Stückrad.

In 1981 he heard through his private contacts with U. Storch about a conference in Oberwolfach on algebraic geometry where Fulton had given a talk. At that time modern intersection theory was in development. The driving forces were Fulton and MacPherson, who were able to define intersection products in a very general setting thus leading to significant generalizations of the classical theory including the Riemann Roch theorem. There were lecture notes of Fulton from a summer school in Cortona held in 1980 which were circulating among the experts and to which also the group in Halle had access. In Oberwolfach, Fulton gave a talk about connectedness and intersections. As an application of the theory he could show a refined Bezout theorem that for arbitrary algebraic varieties X, Y ⊆ P^n, the number of irreducible components was bounded by the Bezout number deg X deg Y . This solved a question of S. Kleiman. Clearly, for a proper intersection this was an immediate consequence of Bezout’s theorem whereas in the general case one had to apply the machinery of intersection theory and especially the deformation to the normal cone. Wolfgang gave a talk at the Algebra and Geometry Seminar in Halle about the results of Fulton and proposed to give a more elementary proof of the above inequality.

What was very useful was that just before, in May 1978, he had given a lecture at the University of Maine about the classical version of Bezout’s theorem where he obtained a simple and elegant proof using implicitly the join construction, see [80-2]. This paper, as well as almost all his papers, is written up in the language of commutative algebra. Deep in his heart he was always an algebraist. He once explained to me that merely with geometry one would have never detected the role of embedded components.

To explain the essential ideas, let me describe them in a more geometric setup. Let X, Y be subvarieties of P^n. To define the intersection, Weil and Samuel had replaced the intersection X ∩Y by the intersection of X ×Y with the diagonal, say, ΔPn in P^n × P^n. The advantage is that the diagonal ΔPn is given locally by n equations, which is just the codimension of X ∩ Y = ΔPn ∩ X × Y in P^n × P^n if X and Y meet properly. But there is even a more clever way to do this. Let X̂, Ŷ be the cones in the affine space A^{n+1}. Taking now the product X̂ × Ŷ , the intersection with the diagonal, say, Δ in A^{n+1} × A^{n+1} is globally given by the expected number of equations, and these are even linear. Therefore, cutting successively with one hyperplane after the other as it was done e.g. in the work of Gröbner, one obtains Bezout’s theorem in its general form. Apparently, this simple but very effective trick was not known by the classical geometers, as is clearly visible for instance in the work of Gröbner. Roughly at the same time and independently, this construction was also used by Fulton and MacPherson to prove their refined Bezout theorem. In the notes of the Cortona summer school Fulton credits this construction to Deligne.

So Wolfgang started to work with Stückrad on the case of an improper intersection. They attempted to assign multiplicities j_C to all components of the intersection (including the improper ones) generalizing the Samuel-Weil multiplicity, and hoped for a version of Bezout’s theorem like

deg X deg Y = X j_C deg C

where the sum has to be taken over the irreducible components of the intersection. Soon they discovered that there is in fact a simple and very elegant way to do this. The results were published in [82-1]. The idea is very similar to the well known procedure of computing multiplicities using a parameter system, see also [80-1]. A similar method was already used and studied, in connection with other questions, in the thesis of J. Stückrad. Assume that a, b ⊆ K[X_0, . . . X_n] are the ideals of X, Y , respectively. They formed the polynomial ring R := K[X_0, . . . , X_n, Y_0, . . . , Y_n] and considered there the ideal, say, I generated by all polynomials f(X_0, . . . X_n), g(Y_0, . . . Y_n) with f ∈ a and g ∈ b. In other words, if X̂ and Ŷ denote the affine cones of X, Y then R/I is the affine coordinate ring of V := X̂ × Ŷ . Then they considered generic hyperplanes H_i, 0 ≤ i ≤ n, given by equations ℓ_i := P u_{ij}(X_j − Y_j), whose intersection is the diagonal Δ in the space A^n × A^n. To make the construction canonical, they used indeterminates u_{ij} for the coefficients, a trick which was already used by earlier geometers, e.g. by Kronecker, van der Waerden, or Hentzelt and Noether. Then the algorithm started. First they intersected V with H_0 and considered the sum of all irreducible components Ĉ of the intersection V ∩ H_0 that are contained in the diagonal. Clearly, Ĉ is given by a homogeneous ideal and so corresponds to a subvariety C of X ∩ Y . They assigned to Ĉ or, equivalently, to C the multiplicity j(X, Y ; C) := lg O_V “_{H0,Ĉ}. Then they replaced V by the closure of V ∩H_0 \Δ, i.e. they removed from V ∩ H_0 all components that were already contained in Δ, and repeated the procedure by cutting with the second generic hyperplane H_1. Eventually they arrived at a cycle

v = X_{j(X, Y ; C)[C] + j0,}

where j_0 in brief denotes the multiplicity of the origin. Now their version of Bezout’s theorem for improper intersections is

deg X deg Y = X j(X, Y ; C) deg C + j_0.

In general, one has to take into account not only the irreducible components of the intersection; in fact the sum has to be taken over a whole collection of subvarieties defined over the purely transcendental field extension K(u_{ij}) of K. The proof of this refined Bezout theorem is very simple and consists just in observing that the degree of a projective variety Z ⊆ P^N does not change when cutting with a hyperplane H with Z ⊈ H. In the case of a proper intersection this reduces to the proof mentioned above of the classical theorem of Bezout. And they also obtained a new proof of the result of Fulton and MacPherson that the number of components of an improper intersection is at most the Bezout number deg X deg Y .

In many subsequent papers this algorithm was further examined, see [83-1, 85-1, 85-2, 85-3, 87-1, 87-3]. Especially they tried to understand the following questions which Wolfgang asked again and again and on which he, together with several coauthors, published many papers.

1) What is the role of embedded components? For instance, is it true that the Bezout number deg X deg Y bounds the number of all components of the intersection, including the embedded ones?

2) Which components can occur? For instance, in the case of self-inter-section where X = Y , which components of the singular set are in the collection of the above subvarieties?

The key to understanding the second question came when van Gastel in his important thesis [6, 7] compared the above algorithm with the intersection theory of Fulton and MacPherson. He was able to interpret the Stückrad- Vogel cycle in terms of Segre classes. This showed that one could compute such Segre classes without passing first to the normal cone. This is a very useful insight and allows one in many cases to deal much more directly with intersections, using the geometric information of the ambient variety which might be lost when passing to the normal cone. The crucial point in proving this is that the whole intersection algorithm is stable under deformation to the normal cone.

Using his methods, he could in particular connect the distinguished components of the Fulton-MacPherson approach with the collection of Stückrad and Vogel. His interesting result was that the distinguished components are just those components of the Stückrad-Vogel cycle that are K-rational. And moreover, equally important is the fact that he could give a geometrical interpretation of the coefficient j_0. For this, let J ⊆ P^{2n+1} be the ruled join, i.e. J := {[x, y] ∈ P^{2n+1}|x ∈ X, y ∈ Y }, so that the affine cone over J is just X̂ × Ŷ . There is a natural rational map π : J → P^n given by [x, y] → x − y. The image of this map is the embedded join of X, Y which is usually denoted by XY and which, geometrically speaking, is the union of all lines xy with x ∈ X and y ∈ Y . Then it was shown by van Gastel that j_0 is given by deg XY deg π.

I visited Halle for the first time in 1985 to meet Vogel and the group around him. Through this visit I learned about their approach to improper intersections. Wolfgang asked me in particular about the embedded components of the algorithm. He told me about some positive results which he and Stückrad had obtained at that time. Shortly after leaving Halle, I managed to construct a series of examples which showed that in general not all the embedded components can occur in the cycle. Later on, when I came to Halle for a second time, we began a collaboration. Just before this, van Gastel had visited Halle and given a talk about his results. Wolfgang especially asked me about the possibility of giving a converse to Bezout’s theorem. So we started to work on this question. In doing this we could also give simplified proofs of some of the results of van Gastel. We published a part of this work together in a joint paper with van Gastel (see [90-1]) where we proved that the join has minimal dimension if and only if

deg X deg Y = X j(X, Y ; C) deg C.

Here the sum is taken over all irreducible components of the intersection. This does not give a full converse to Bezout’s theorem since there are many examples where the join has minimal dimension without the intersection being proper. Therefore we tried to replace the j-multiplicity by another measure for the intersection number. For instance, for reduced Cohen-Macaulay varieties we obtained a converse of the naive form of Bezout’s theorem: the intersection X ∩ Y is proper if and only if deg X deg Y = deg X ∩ Y , see [93-1]. Moreover, in the arithmetically Cohen-Macaulay case, Wolfgang together with Renschuch gave an elementary proof, without the reducedness assumption. What turned out to be important for these results was the connectedness theorem of Grothendieck [10, Exp. XIII]. The importance of this became especially apparent in the work of F. Zak, who succeeded in proving the Hartshorne conjecture on linear normality; see [16] and especially the excellent article of Fulton and Lazarsfeld [5].

In 1990, shortly after the fall of the Iron Curtain, Jürgen Stückrad, together with Vogel, organized a conference on commutative algebra and algebraic geometry in Eisenach. There I also met Liam O’Carroll, and Vogel proposed that we should write a monograph on intersection theory, especially on the algorithm, its connection with Segre classes and some of its applications. This, as it turned out, was one of the driving forces to continue with our collaboration. When writing up the book we met many problems, and several papers originated in solving these problems and in simplifying proofs of known results. One of our main efforts was devoted to understanding better the distinguished varieties. For this we introduced the so-called limit of join variety LJoin_C(X, Y ) at a subvariety C of the intersection which is a local generalization of the join construction. In the case where C is a point, say, P , LJoin_C(X, Y ) is the union of all lines ℓ which are limits ℓ = lim x_ν y_ν where x_ν ∈ X and y_ν ∈ Y are sequences tending to P . The dimension of this limit of join variety is always bounded by dim X + dim Y − dim C. Moreover equality holds if and only if C is a distinguished component. Thus we obtained a very geometrical way to describe the rational components of the intersection.

The next question we wanted to understand was which subvarieties of the intersection really occur in the intersection cycle. In other words, when is the limit of join variety of maximal dimension? We met B. Ulrich at a conference in Essen and started to discuss with him our problems and the connection with the work which he had recently done together with Simis and Vasconcelos. It turned out that one could apply their techniques, which were based on the theory of residual intersections of Huneke, Ulrich and many others. Out of this collaborations came the paper [97-2], where we could prove a number of criteria. For instance in the case of a self-intersection, we obtained the result that the limit of join variety has maximal dimension for a complete intersection under some mild additional hypotheses which excluded the case of products.

There are further interesting aspects of the Stückrad-Vogel algorithm which I want to mention. It was already observed by van Gastel that the algorithm gives a new approach in understanding Holme’s embedding obstruction in a simpler way. This was further exploited in [3]. Another interesting aspect is that it led to a generalization of the notion of multiplicity to ideals which are not necessarily primary, see [1]. And furthermore I believe that this algorithm should also be useful for enumerative questions; some work about this was begun by van Gastel.

In recent years Wolfgang again became very interested in the length multiplicity, thereby returning to the questions with which he started, namely the comparison of the usual multiplicity and the length. This time, it was the quotient rather than the difference of the two that was examined. In collaboration with Stückrad and Miyazaki he was led to several interesting conjectures concerning these numbers. In other joint papers with Sturmfels, Miyazaki and Trung, he tried again to incorporate the contributions of embedded components into various intersection numbers.

Many of the collaborations with Wolfgang started with questions from him. It was always very pleasant to work with him. For instance, shortly after the fall of the Iron Curtain I visited him in Halle. We decided to go to Rügen for a few days and to work there in the relaxing atmosphere of the seaside. We thought about the converse of the Bezout problem and found a whole series of examples which showed that the join can have minimal dimension without the intersection being proper. He was always full of energy. Even a few month before his death, when Wolfgang visited the Max Planck Institute in Bonn and the University of Bochum, we still worked intensely together to complete our book. At that time our impression was that Wolfgang had recovered his health, and we were very hopeful for him. His old energy seemed to have returned. It came as a surprise to us that only a few weeks after leaving Germany he became ill again. With his death I lost not only a close colleague but also a good friend. I believe that his scientific work, especially in intersection theory, will endure and will remind us of him.

References

[1] Achilles, R.; Manaresi, M.: Multiplicity for ideals of maximal analytic spread and intersection theory. J. Math. Kyoto Univ. 33, 1029-1046 (1993)

[2] Flenner, H.: On embedded components of improper intersections in projective space. Arch. Math. 48, 533-537 (1987)

[3] Flenner, H.; Manaresi, M.: Intersections of projective varieties and generic projections. Manuscripta math. 92, 273-286 (1997)

[4] Fulton, W.: Intersection theory. Erg. Math. Grenzgeb., 3. Folge, Bd.

2, Berlin Heidelberg New York: Springer 1984

[5] Fulton, W.; Lazarsfeld, R.: Connectivity and its applications in algebraic geometry. In: Algebraic geometry, University of Illinois at Chicago Circle, 1980. Lecture Notes in Mathematics, Volume 862. Berlin Heidelberg New York: Springer 1980, 26-92

[6] Gastel, L.J. van: Excess intersections. PhD Thesis, University of Utrecht 1989

[7] Gastel, L.J. van: Excess intersections and a correspondence principle.

Invent. Math. 103, 197-221 (1991)

[8] Gröbner, W.: Moderne algebraische Geometrie. Springer Verlag Innsbruck-Wien 1949

[9] Gröbner, W.: Über die idealtheoretische Grundlegung der algebraischen Geometrie. In: Proc. Intern. Congress of Math., Amsterdam 1954, Vol. III, 447-456, Groningen 1956

[10] Grothendieck, A.: Cohomologie locale des faisceaux cohérents et théorèmes des Lefschetz locaux et globaux (SGA2). Amsterdam: North- Holland 1968

[11] Samuel, P.: Méthodes d’algèbre abstraite en géométrie algébrique.

Erg. d. Math. und ihrer Grenzgebiete, Heft 4 (Neue Folge), Springer Verlag Berlin-Göttingen-Heidelberg 1955

[12] Serre, J.P.: Algèbre locale-Multiplicités. Lecture Notes in Math. 11, Springer Verlag Berlin-Heidelberg-New York 1965

[13] Severi, F.: Über die Grundlagen der algebraischen Geometrie. Abh.

Math. Sem. Univ. Hamburg 13, 101-112 (1939)

[14] van der Waerden, B.L.: Verallgemeinerung des Bézoutschen Theorems. Math. Ann. 99, 497-541 (1928)

[15] Weil, A.: Foundations of algebraic geometry. Amer. Math. Soc. Coll.

Publ. 29, AMS, Providence, R.I. 1946

[16] Zak, F.L.: Tangents and secants of algebraic varieties. Translations of Math. Monographs, Vol. 127, AMS, Providence, R.I. 1993

Arbeiten von W. Vogel

[66-1] Vogel, W.: Eine Bemerkung zur idealtheoretischen Multiplizitätstheorie. Math. Ann. 166, 64-75 (1966)

[66-2] Vogel, W.: Grenzen für die Gültigkeit des Bézoutschen Satzes.

Monatsb. Deutsche Akad. Wiss. Berlin 8, 1-7 (1966)

[67-1] Vogel, W.: Torsionsfreie Moduln über einem regulären Stellenring.

Monatsb. Deutsch. Akad. Wiss. Berlin 9, 393-396 (1967)

[67-2] Vogel, W.: Idealtheoretische Schnittpunktsätze in homogenen Ringen über Ringen mit Vielfachkettensatz. Math. Nachr. 34, 277-295 (1967)

[67-3] Vogel, W.: Der Bézoutsche Satz in Halbstellenringen. Monatsh. Math.

71, 238-247 (1967)

[67-4] Vogel, W.: Zur Theorie der charakteristischen Hilbertfunktion in homogenen Ringen über Ringen mit Vielfachkettensatz. Math. Nachr. 33, 39-60 (1967)

[68-1] Tierney, M.; Vogel, W.: Simplicial derived functors. In: Category Theory, Homolgy Theory and their Applications, I (Battelle Institute Conference, Seattle, Wash., 1968, Vol. 1) pp. 167-180 Springer Verlag, Berlin 1969

[68-2] Vogel, W.: Über die Reduktionszahl und erste Nachbarschaft von Moduln. Monatsh. Math. 72, 245-253 (1968)

[69-1] Tierney, M.; Vogel, W.: Simplicial resolutions and derived functors.

Math. Z. 111, 1-14 (1969)

[69-2] Kurke, H.; Vogel, W.: Gefilterte Moduln und Anwendungen in der algebraischen Geometrie. Publ. Math. Debrecen 16, 43-49 (1969)

[69-3] Budach, L.; Vogel, W.: Cohen-Macaulay Moduln und der Bezoutsche Satz. Monatsh. Math. 73, 97-111 (1969)

[70-1] Vogel, W.: Idealtheoretische Ordnungsbestimmung des Schnittes einer Veroneseschen und Grassmannschen Varietät. Arch. Math. 21, 567- 570 (1970/71)

[70-2] Herrmann, M.; Vogel, W.: Bemerkungen zur Multiplizitätstheorie von Gröbner und Serre. J. Reine Angew. Math. 241, 42-46 (1970)

[71-1] Vogel, W.: Eine Bemerkung über die Anzahl von Hyperflächen zur Darstellung algebraischer Varietäten. Monatsb. Deutsche Akad. Wiss. Berlin 13, 629-633 (1971)

[71-2] Vogel, W.: Multiplizitätsbetrachtungen in geringten Räumen. Math.

Nachr. 50, 79-85 (1971)

[71-3] Stückrad, J.; Vogel, W.: Über die h_1-Bedingung in der idealtheoretischen Multiplizitätstheorie. Beiträge Algebra Geom. 1, 73-76 (1971)

[72-2] Reitberger, H.; Vogel, W.: A cohomology condition in idealtheoretical multiplicity theory. Rend. Mat. (6) 5, 447-453 (1972)

[72-3] Stückrad, J.; Vogel, W.: Ein Korrekturglied in der Multiplizitätstheorie von D. G. Northcott und Anwendungen. Monatsh. Math. 76, 264-271 (1972)

[73-1] Herrmann, M.; Vogel, W.: Zur numerischen Charakterisierung der normalen Flachheit von kohärenten Garben. Math. Nachr. 56, 221- 227 (1973)

[73-2] Vogel, W.; Steinfeld, O.: Über Kettenbedingungen in teilweise geordneten Halbgruppen. Mini-Conference on Semigroup Theory, pp. 57-60. Jósef Attila Univ., Szeged, 1973

[73-3] Stückrad, J.; Vogel, W.: Eine Verallgemeinerung der Cohen-Macaulay Ringe und Anwendungen auf ein Problem der Multiplizitätstheorie. J. Math. Kyoto Univ. 13, 513-528 (1973)

[73-4] Vogel, W.: Über eine Vermutung von D. A. Buchsbaum J. Algebra 25, 106-112 (1973)

[73-5] Herrmann, M.; Vogel, W.: Über Cohen-Macaulay Punkte. J. Algebra 24, 396-404 (1973)

[74-1] Stückrad, J.; Vogel, W.: Über das Amsterdamer Programm von W.

Gröbner und Buchsbaum Varietäten. Monatsh. Math. 78, 433-445 (1974)

[74-2] Vogel, W.; Márki, L.: On the theory of local rings. I. A certain problem of D.A. Buchsbaum. Magyar Tud. Akad. Mat. Fiz. Oszt. Közl. 22, 55- 78 (1974)

[74-3] Herrmann, M.; Vogel, W.: Normale Flachheit und Cohen-Macaulay- Punkte. Math. Nachr. 63, 43-47 (1974)

[74-4] Herrmann, M.; Vogel, W.: Cohen-Macaulay-Punkte auf lokal geringten Räumen und Anwendungen in der Schnittheorie. Beiträge Algebra Geom. 2, 103-118 (1973/4)

[74-5] Vogel, W.: Schnitte von perfekten Mannigfaltigkeiten. Beiträge zur algebraischen Geometrie, pp. 77-84. Veröffentlichungen Univ. Innsbruck, No. 91, Math. Studien No. 1, 1974

[74-6] Vogel, W.: Über die Hilbert-Samuel-Koeffizienten von lokalen Ringen der Multiplizität 1. Beiträge Algebra Geom. 3, 37-39 (1974)

[74-7] Steinfeld, O.; Vogel, W.: Über Kettenbedingungen in teilweise geordneten Halbgruppen. Period. Math. Hungar. 5, 289-300 (1974)

[75-1] Vogel, W.: A classical problem of the theory of curves. Pokroky Mat.

Fyz. Astronom. 20, 77-85 (1975)

[75-2] Renschuch, B.; Stückrad, J.; Vogel, W.: Weitere Bemerkungen zu einem Problem der Schnittheorie und über ein Maß von A. Seidenberg für die Imperfektheit. J. Algebra 37, 447-471 (1975)

[75-3] Vogel, W.: Probleme bei der Weterentwicklung des Vielfachheitsbegriffs aus dem Fundamentalsatz der Algebra. Mitt. Math. Gesellschaft der DDR 314, 134-147 (1975)

[77-1] Vogel, W.; Márki, L.: On the theory of local rings. II. A certain problem of D.A. Buchsbaum. Magyar Tud. Akad. Mat. Fiz. Oszt. Közl. 23, 69-100 (1977)

[77-2] Schenzel, P.; Vogel, W.: On set-theoretic intersections. J. Algebra 48, 401-408 (1977)

[77-3] Eisenbud, D.; Hermann, M.; Vogel, W.: Remarks on regular sequences.

Nagoya Math. J. 67, 177-180 (1977)

[78-1] Stückrad, J.; Vogel, W.: Toward a theory of Buchsbaum singularities.

Amer. J. Math. 100, 727-746 (1978)

[78-2] Stückrad, J.; Vogel, W.: On Segre products and applications. J. Algebra 54, 374-389 (1978)

[78-3] Renschuch, B.; Vogel, W.: Zum Nachweis arithmetischer Cohen- Macaulay Varietäten. Monatsh. Math. 85, 201-210 (1978)

[79-1] Schmitt, Th.; Vogel, W.: Note on set-theoretic intersections of subvarieties of projective space. Math. Ann. 245, 247-253 (1979)

[79-2] Tutschke, W.; Kühnau, R.; Vogel, W.; Zielke, G.; Krötenheerdt, O.;

Stammler, L.; Schleiff, M.; Strehmel, K.; Köhler, J.: Mathematische Forschung für Theorie und Anwendung. Wiss. Z. Martin-Luther-Univ. Halle-Wittenberg, Math.-Natur. Reihe 28, 5-21 (1979)

[79-3] Achilles, R.; Vogel, W.: Über vollständige Durchschnitte in lokalen Ringen. Math. Nachr. 89, 285-298 (1979)

[80-1] Boda, E., Vogel, W.: On system of parameters, local intersection mulitiplicity and Bezout’s theorem. Proc. Amer. Math. Soc. 78, 1-7 (1980)

[80-2] Vogel, W.: On Bezout’s theorem. In: Seminar Eisenbud/Singh/Vogel, Vol. 1, Teubner-Texte zur Mathematik, 29, Teubner Leipzig, 1980, 113-144

[81-1] Vogel, W.: A non-zero-divisor characterization of Buchsbaum modules. Michigan Math. J. 28, 147-152 (1981)

[81-2] Achilles, R.; Schenzel, P.; Vogel, W.: Bemerkungen über normale Flachheit und normale Torsionsfreiheit und Anwendungen. Period. Math. Hungar. 12, 49-75 (1981)

[82-1] Stückrad, J.; Vogel, W.: An algebraic approach to the intersection theory. In: The curves seminar at Queen’s, Vol. II, 1-32. Queen’s papers in Pure and Applied Mathematics, No. 61, Kingston, Ontario, Canada, 1982

[82-2] Vogel, W.: Remark on the number of components of the intersection of projective subvarieties. Arab. J. Math. 3, no. 1-2, 5-12 (1982)

[82-3] Geramita, A.V.; Maroscia, P.; Vogel, W.: On curves linked to lines in P^3. In: The curves seminar at Queen’s, Vol. II. Queen’s papers in Pure and Applied Mathematics, No. 61, Kingston, Ontario, Canada, 1982

[82-4] Stückrad, J.; Vogel, W.: On the number of equations defining an algebraic set of zeros in n-space. In: Seminar Eisenbud/ Singh/ Vogel, Vol. 2, pp. 88-107, Teubner-Texte zur Math., 48, Teubner, Leipzig, 1982

[82-5] Renschuch, B.; Vogel, W.: Über den Bezoutschen Satz seit den Untersuchungen von B.L. van der Waerden. Beiträge Algebra Geom. 13, 95-109 (1982)

[82-6] Bresinsky, H.; Vogel, W.: Some remarks on a paper by L. Kronecker.

Seminar Eisenbud/Singh/Vogel, Vol. 2, pp. 64-71, Teubner-Texte zur Math., 48, Teubner, Leipzig, 1982

[83-1] Patil, D.P.; Vogel, W.: Remarks on the algebraic approach to intersection theory. Monatsh. Math. 96, 233-250 (1983)

[84-1] Maroscia, P.; Vogel, W.: On the defining equations of points in general position in P^n. Math. Ann. 269, 183-189 (1984)

[84-2] Bresinsky, H.; Schenzel, P.; Vogel, W.: On liaison, arithmetical Buchsbaum curves and monomial curves in P^3. J. Algebra 86, 283-301 (1984)

[85-1] Vogel, W.: Old and new problems about Bezout’s theorem. Rend. Sem.

Mat. Univ. Politec. Torino 43, 43-58 (1985)

[85-2] Achilles, R.; Huneke, C.; Vogel, W.: A criterion for intersection multiplicity one. Nagoya Math. J. 100, 49-63 (1985)

[85-3] Stückrad, J.; Vogel, W.: On contributions of embedded components to intersection theory, a first approach. Beiträge Algebra Geom. 20, 215-224 (1985)

[86-1] Stückrad, J.; Vogel, W.: An Euler-Poincaré characteristic for improper intersections. Math. Ann. 274, 257-271 (1986)

[87-1] Stückrad, J.; Vogel, W.: On contributions of embedded components to intersection theory II. Beiträge Algebra Geom. 25, 177-184 (1987)

[87-2] Nagel, U.; Vogel, W.: Über mengentheoretische Durchschnitte und Zusammenhang algebraischer Mannigfaltigkeiten im P^n. Arch. Math. (Basel) 49, 414-419 (1987)

[87-3] Bresinsky, H.; Stückrad, J.; Vogel, W.: On intersection multiplicities in case of defect one. Beiträge Algebra Geom. no. 25, 161-169 (1987)

[87-4] Stückrad, J.; Vogel, W.: Castelnuovo bounds for certain subvarieties in P^n. Math. Ann. 276, 341-352 (1987)

[87-5] Maroscia, P.; Stückrad, J.; Vogel, W.: Upper bounds for the degrees of the equations defining locally Cohen-Macaulay schemes. Math. Ann. 277, 53-65 (1987)

[88-1] Stückrad, J.; Vogel, W.: Castelnuovo bounds for locally Cohen- Macaulay schemes. Math. Nachr. 136, 307-320 (1988)

[88-2] Stückrad, J.; Vogel, W.: Castelnuovo’s regularity and multiplicity.

Math. Ann. 281, 355-368 (1988)

[88-3] Geramita, A., Maroscia, P.; Vogel, W.: A note on arithmetically Buchsbaum curves in P^3. Matematiche (Catania) 40, 21-28 (1985) (1988)

[89-1] Stückrad, J.; Vogel, W.: Castelnuovo’s regularity and cohomological properties of sets of points in Pn. Math. Ann. 284, 487-501 (1989)

[90-1] Renschuch, B.; Vogel, W.: Perfektheit und die Umkehrung des Bezoutschen Satzes. Math. Nachr. 148, 313-323 (1990)

[90-2] Nagel, U.; Vogel, W.: Bounds for Castelnuovo’s regularity and the genus of projective varieties. Topics in algebra, Part 2 (Warsaw, 1988), 163-183, Banach Center Publ., 26, Part 2, PWN, Warsaw, 1990

[90-3] Maroscia, P.; Nagel, U.; Vogel, W.: On the minimal free resolutions of finite sets of points in P^n. C.R. Math. Rep. Acad. Sci. Canada 12, 27-32 (1990)

[91-1] Flenner, H.; Gastel, L.J. van; Vogel, W.: Joins and intersections.

Math. Ann. 291, 691-704 (1991)

[91-2] Vogel, W.: A converse to Bézout’s theorem. Ann. Univ. Ferrara Sez.

VII(N.S.) 36 (1990), 85-98 (1991)

[91-3] Fiorentini, M.; Vogel, W.: Old and new results and problems on Buchsbaum modules. I. Geometry Seminars, 1988-1991 (Italian)(Bologna, 1988-1991), 53-61, Univ. Stud. Bologna, Bologna, 1991

[91-4] Vogel, W.: On multiplicities of nonisolated intersection components.

Publ. Res. Inst. Math. Sci. 27, 845-860 (1991)

[91-5] Hoa, L.T.; Stückrad, J.; Vogel, W.: Towards a structure theory for projective varieties of degree = codimension+2. J. Pure Appl. Algebra 71, 203-231 (1991)

[93-1] Flenner, H.; Vogel, W.: Improper intersections and a converse to Bezout’s theorem. J. Algebra 159, 460-476 (1993)

[93-2] Flenner, H.; Vogel, W.: Multiplicities of local rings. Manuscripta Math. 78, 85-97 (1993)

[93-3] Brodmann, M.; Vogel, W.: Bounds for the cohomology and the Castelnuovo regularity of certain surfaces. Nagoya Math. J. 131, 109-126 (1993)

[93-4] Maroscia, P.; Nagel, U.; Vogel, W.: On degree bounds for the syzygies of a finite set of points in P^n. Commutative algebra and algebraic geometry, I (Italian)(Turin, 1990). Rend. Sem. Mat. Univ. Politec. Torino 48 (1990), no. 4, 491-510 (1993)

[93-5] Stammler, L.; Vogel, W.: Ott-Heinrich Keller (1906–1990). Jahresber.

Deutsche Math.-Verein. 95, 95-102 (1993)

[94-1] Achilles, R.; Vogel, W.:On multiplicities for improper intersections. J.

Algebra 168, 123-142 (1994)

[94-2] Bresinsky, H.; Vogel, W.: On the concept of perfectness by Macaulay.

Commutative Algebra (Trieste, 1992), pp. 18-35, World Sci. Publishing, River Edge, NJ, 1994

[94-3] Hoa, L.T.; Miró-Roig, R.; Vogel, W.: On numerical invariants of locally Cohen-Macaulay schemes in P^n. Hiroshima Math. J. 24, 299- 316 (1994)

[94-4] Hoa, L.T.; Vogel, W.: Castelnuovo-Mumford regularity and hyperplane sections. J. Algebra 163, 348-365 (1994)

[95-1] Miyazaki, C.; Vogel, W.: A new invariant of local rings. C.R. Math.

Rep. Acad. Sci. Canada 17, 117-122 (1995)

[95-2] Flenner, H.; Vogel, W.: Joins, tangencies and intersections. Math.

Ann. 302, 489-505 (1995)

[95-3] Sturmfels, B.; Trung, N.V.; Vogel, W.: Bounds on degrees of projective schemes. Math. Ann. 302, 417-432 (1995)

[95-4] Vogel, W.: New problems concerning the classical length multiplicity.

New Zealand J. Math. 24, 87-96 (1995)

[95-5] Bresinsky, H.; Vogel, W.: Computational aspects for Cohen-Macaulay and Buchsbaum ideals. Ann. Univ. Ferrara Sez. VII(N.S.) 39 (1993), 143-159 (1995)

[96-1] Miyazaki, C.; Vogel, W.: Towards a theory of arithmetic degrees.

Manuscripta Math. 89, 427-438 (1996)

[96-2] Bresinsky, H.; Vogel, W.: An algorithm to determine the Buchsbaum property and invariant for polynomial ideals. Ann. Univ. Ferrara Sez. VII (N.S.) 40 (1994), pp. 183-190 (1996)

[96-3] Flenner, H.; Vogel, W.: Limits of Joins and Intersections. In ”Higher dimensional complex varieties”. Proceedings of the International Conference, Trento (1994), Walter de Gruyter, Berlin-New York 1996, pp. 209-220

[96-4] Stückrad, J.; Vogel, W.: On composition series and new invariants of local algebra. Preprint MPI 96-99, Bonn 1996

[96-5] Kamoi, Y.; Vogel, W.: On Gröbner bases and Buchsbaum algebras.

Arch. Math. 67, 457-464 (1996)

[96-6] Vogel, W.: Appreciating Apollonius, 2000 years later. Massey University Press, Palmerston North, New Zealand, 1996

[96-7] Miyazaki, C.; Vogel, W.: Bounds on cohomology and Castelnuovo- Mumford regularity. J. Algebra 185, 626-642 (1996)

[97-1] Miyazaki, C.; Vogel, W.; Yanagawa, K.: Associated primes and arithmetic degrees. J. Algebra 192, 166-182 (1997)

[97-2] Flenner, H.; Ulrich, B.; Vogel, W.: On limits of joins of maximal dimension. Math. Ann. 308, 291-318 (1997) Monographs

[1977] Herrmann, M.; Schmidt, R.; Vogel, W.: Theorie der normalen Flachheit. Teubner Verlagsgesellschaft, Leipzig, 1977, 218 pp.

[1984] Vogel, W.: Lectures on results on Bezout’s theorem. Notes by D. P.

Patil. Tata Lect. Notes, Bombay, vol. 74, Berlin Heidelberg New York, Springer Verlag 1984

[1986] Stückrad, J.; Vogel, W.: Buchsbaum rings and applications. An interaction between algebra, geometry, and topology. Math. Monographien, 21, VEB Deutscher Verlag der Wissenschaften, Berlin, 1986 and Springer Verlag Berlin, 1986

[1997] Flenner, H.; O’Carroll, L.; Vogel, W.: Joins and intersections of algebraic varieties. Manuscript 1997, to appear Editor of conference volumes

[T1] Eisenbud, D.; Singh, ; Vogel, W.: Seminar. Teubner Leipzig

[90-4] Balcerzyk, S.; Józefiak, J.K.; Simson, D.; Vogel, W.: Topics in algebra.

Part 1 and 2. Rings and representations of algebras. PWN—Polish Scientific Publishers, Warsaw, 1990, 587 pp. Obituary

[N] Hendy, Mike: Wolfgang Vogel (1940–1996). New Zealand Math. Soc.

Newslett. 68, 14-16 (1996)